Abstract. In this work we solve a conjecture of Y. Barnea and M. Isaacs about centralizer sizes and the nilpotency class in nilpotent finite-dimensional Lie algebras and finite p-groups.
Introduction
By a well-known result of N. Ito [3] , a finite group with only two conjugacy class sizes (one of which must be 1) is nilpotent. Recently K. Ishikawa [2] showed that the nilpotency class of such a group is at most 3. This result was an open question for many years. A simplification of Ishikawa's argument was given by M. Isaacs, and his proof is presented in [1] . Note that the number of different conjugacy class sizes in a finite group G is equal to the number of different orders of centralizers of elements of G. This observation allows us to consider possible analogs of Ito's and Ishikawa's theorems for Lie algebras: What can be said about a finite-dimensional Lie algebra L if the centralizer subalgebras C L (x) have just two different dimensions as x runs over the elements of L? This question was considered by Y. Barnea and M. Isaacs in [1] . In particular, when L is nilpotent they proved that, as in Ishikawa's Theorem, the nilpotency class of L is at most 3.
If L is a finite-dimensional non-abelian Lie algebra, then denote by cd(L) the set of dimensions of centralizers of noncentral elements of L. Denote by ∆(L) the difference max(cd(L)) − min(cd(L)). Similarly, if G is a non-abelian finite p-group, denote by cs(G) the set of orders of centralizers of noncentral elements of G and let ∆(G) be the difference log p max(cs(G)) − log p min(cs(G)). Thus, ∆(G) = 0 corresponds exactly to the assumption in Ishikawa's theorem. This observation led Barnea and Isaacs to conjecture the following generalization of Ishikawa's result:
(
1) Let L be a nilpotent Lie algebra. Then the nilpotence class of L is bounded in terms of ∆(L). (2) Let G be a finite p-group. Then the nilpotency class of G is bounded in terms of ∆(G).
In this paper we prove this conjecture. In the following we will write [N,
We denote by cl(L) the nilpotency class of L. We use a similar notation for p-groups: G i denotes the ith term of the lower central series of a p-group G and cl(G) denotes the nilpotency class of G. Now we are ready to state our results.
As a consequence of Theorem 1.1 and [1, Theorems C and D] we obtain the following corollary. 
Proofs of the main results
Proof of Theorem 1.1. Let m be the nilpotency class of L (so that L m = 0 and L m+1 = 0) and assume that m > 3 (otherwise the theorem is trivial). We have
Thus, using (2.1), we obtain that
Therefore, we obtain that
Hence, if we denote L/L m byL, we obtain that for anyv ∈L \R,
If y ∈L \R and z ∈L , then y + z ∈L \R. Thus, we obtain that
is an ideal ofL because the derived length ofL is 2. On the other hand, 
and so W is a homomorphism of groups. Now let y ∈ G be arbitrary. We have u ∈ G m−2 and, of course, v, y ∈ G 1 , and so the Witt identity applies and we have [v, u, y] Hence |G : ker W ||G m−1 :
and so
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Denote G/G m byḠ. Then from the last inequality we obtain that (2.2)
